Bounding the rank of rational elliptic curves

Arav Karighattam

ABSTRACT. The theory of Selmer and Tate-Shafarevich groups can be used to give bounds
on the rank of certain families of elliptic curves. This paper reviews some bounds on this
rank and the Cassels bilinear pairing on the Tate-Shafarevich group, which shows that
if the conjecture that the Tate-Shafarevich group is finite holds, then the order of the
Tate-Shatarevich group must be a square. Finally, we mention another interesting result
on the average rank of an elliptic curve.

1. Background

Let € be an elliptic curve over @, and let € be its extension to Q. Note that to simplify equations, we use this
instead of the standard notations E[Q] and E[Q] to also denote the corresponding group. We consider € as a
G:= Gal(@/ @Q)-module, then € as the invariant subgroup of E. We let kerg 1 denote the kernel of the map on
€ induced by .

Note that the definition of an isogeny and the definition of the Selmer and Tate-Shafarevich groups can be
defined over any other number field as well. Throughout this paper we assume all cohomology groups are taken
over G, unless otherwise specified.

ISOGENIES. Consider any isogeny : € = &', that is, a morphism of € and £’ which preserves the point at infinity
which we call 0. If ¥ has degree m, we can define a dual isogeny 1/3: &' > & by composing the identifications
E o ClPEand &' & CI°E’ with the map CI°€ — CI°€” induced by ¥; these maps satisfy P o 1) = [m]g and ¥ =
Y. In Section 4, we will use the relation

dimz/pz g/pg = dimz/pz S/IIJA(S’ + dimz/pz IIJA(S’/p(S
= dimz/pz g/l/)(gl + dimz/pz gl/lpg - dimz/pz ker‘g’/lpg ll)
= dimg/p,z E/PYE" + dimy/p,z E' /YE + dimy g P (ker [ple) — dimg/,z kerp; (D

the second and third equalities coming from the exact sequences

0 — Kergr e ) & E'/PE 2, imgr /e P = PE'/pE — 0
and
0 — y(ker [ple) — keryp — kergr/wngj — 0.

The exactness in the second sequence above comes from the fact that

kerye 1P = (ker [ple).

Note that isogenies of elliptic curves over Q of prime degree only exist for a certain finite set of primes [71, the
largest of which being 163.

A nontrivial (and hence surjective) isogeny : € — &' is said to be separable if the corresponding function field
extension is separable. We state here for further reference that these separable isogenies have their degree to be
the size of their kernel. A proof of this result is given in [11, Chapter I11.4. Separability follows for all isogenies
over Q from the fact that char Q = 0. The kernel property, though, can be checked directly for the specific 2-
isogeny relevant in Section 4 of this paper.
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SELMER AND TATE-SHAFAREVICH GROUPS. We now introduce the Selmer and Tate-Shafarevich groups

associated to &€, as described in [11, Chapter X.4. To any isogeny 1 is associated an exact sequence of G-modules
i _Y -

0 - kery — € = £’ - 0, since a morphism of projective curves is either surjective or has a zero-dimensional

image. This sequence induces a long exact sequence of cohomology

e e S ery) 5 310 B a1y — -

The first cohomology group H(E) can be considered as the group of E-torsors (also known as principal
homogeneous spaces) up to isomorphism. These torsors can be considered as other curves over Q; namely, those
for which the action of € is a morphism of varieties. Then an E-torsor C is isomorphic to € itself if and only if
there is some element of C which is fixed by G; that is, C has a rational point. Recall that an isomorphism from
& to an E-torsor containing a rational point p, is given by p = p + po. This same isomorphism turns out to
show that homogeneous spaces are actually all isomorphic (as varieties) to £ This group of torsors up to
isomorphism is known as the Weil-Chatelet group of €, denoted by WC(E). Using this notation, the previous
exact sequence becomes

*

e S aikery) Swee) B weeE) — -

The short exact sequence induced by the above sequence is

0—>8’/¢8—>7—[1(ker¢)i>ker¢*—>0. )

Similar sequences can be defined for the completions &, over Q, (v being either a prime or o). Since
Gal(Q,/Q,) = D, (Q/Q) is the decomposition group, there is a natural inclusion Gal(Q, /Q,) © G. The exact
sequences for € and &€, — the latter containing cohomology groups over D,, — with the restriction maps from the
inclusion just described yield a short exact sequence

| Res,, o iy

0 — ker % — er“ﬂv* — ker| H'(kery) — nkerlpv*
v v
nRes\,
—s ker | kery, —— kery,, | — 0,
v

by taking the product of all the completions of the G-module exact-sequence and taking the product of the
corresponding restriction maps. The first kernel is just £ /YPE by exactness. The second kernel is called the
Selmer group S¥(E) of €. The Tate-Shafarevich group of & is defined as the kernel

HI(E) = ker [ WC(E) — HWC(EV) ,

so that the exact sequence above can be rewritten as
0 — &' /PE — SY(E) — (E) nkery, — 0. 3

Thus, we can determine €' /1PE by determining the Selmer and Tate-Shafarevich groups of €.

The Selmer group S ¥(&) can be shown to be finite since all its elements have trivial image under the restriction
map induced by the inclusion of the inertia subgroup I, < G for all but finitely many primes p. We will denote
the finite group of elements of H* (ker ) having trivial image under the restriction map outside some finite set
of prime or Archimedean places Pe by H (ker y, P¢); the cocycles are said to be unramified at all primes outside
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Pe. The relevant set Pg for the Selmer group can be shown to consist of the primes with bad reduction and the
primes dividing the degree of .

The Tate-Shafarevich group is conjectured to be finite and has been verified to be finite in many cases. In Section
3, we discuss the Cassels bilinear pairing II(E) X HI(E) — Q/Z (derived in [2]) and its implication that if the
Tate-Shafarevich group is finite, then all of its primary subgroups will have its order to be a square.

In the language of torsors, the non-trivial elements of the Tate-Shafarevich group correspond to classes of torsors
which have p-adic solutions for all p but have no rational solutions.

REDUCTIONS OF ELLIPTIC CURVES AND SUPERSINGULARITY. We discuss here some properties of elliptic curves
over finite fields. The proofs of some of the equivalences stated below can be found in [ 11, Chapters V and VII.
An elliptic curve € over Q is said to have good reduction at a prime p if its reduction to Z/pZ is nonsingular;
this is true if and only if p does not divide the discriminant of €. For such primes p, it can be shown that the
reduction map from the torsion subgroup of £ to ép is injective. Counting the points in é:p for many primes p
can bound the size of the torsion subgroup of . If € q 1s an elliptic curve over Fg; éq is said to be supersingular
if and only if éq has no g-torsion points. There are some other equivalent definitions; we note in particular that
for q a prime, éq is supersingular if and only if it has g + 1 points over Fg, and that if éq has a Weierstrass
equation y? = x3 + ax, then & q is supersingular if and only if ¢ = 3 (mod 4). In the latter case, the size of the
torsion subgroup must divide g + 1 for infinitely many primes ¢ = 3 (mod 4) (as an clliptic curve only has bad
reduction at finitely many primes), and by Dirichlets Theorem, the torsion subgroup T of € must have order
dividing 4 and hence T = Z/27Z, Z/4Z, ov /27 X L/ 2.

2. Calculating the Selmer group

The Selmer group SY(E) can naturally be embedded in the Weil-Chatelet group WC(E), associating an
equivalence class of E-torsors to each point. For elliptic curves over Q, we describe two methods of determining
the dimension of €/pé&; the first in terms of the dimension of the Tate-Shafarevich group ILI(E), and the second
without using the Tate-Shafarevich group in the case of a 2-isogeny 1 such that there is a point p € £ of order
2 in kery. Finally considered in this section is a method to determine the equations for the corresponding &-
torsors useful for computing S¥ (&), with the same preceding assumptions.

THE RANK OF AN ELLIPTIC CURVE IN TERMS OF THE SELMER AND TATE-SHAFAREVICH GROUPS. Lquations
(D) and (?) together imply that for any isogeny y: & = £’ of prime degree p,

dimg/pz €/pE = dimg,,; E/PE" + dimgpz €' /WE + dimy,z Y(ker [p]e) — dimy,y ker P
= dimg,,z SY(E) — dimypz I(E) N kery, + dimyg,,z SY(E)
—dimgpz ILI(E") N ker P, + dimg /7 Y (ker [ple) — dimygpz ker P.

We can check using inhomogeneous cocycles that there is an exact sequence 0 — kery, — ker [p]c, —

ker I,ZJA* — 0. Considering the analogous exact sequences over the completions of Q, we obtain the commutative
diagram
U* A
0 — kerty, —— ker[p|lg, ——— kertp, ———— 0
lHU Res,, ll_[p Res, lHV Res,
HV 1//'1/* ~
0 —— err Uy — H ker [ple, ., ——% H ker ¢y, — 0.

v 174 v

Since the kernel of a morphism of left exact sequences is a left exact sequence, this diagram yields the exact
sequence

ind
0 — LI(E) nkery, — I(E) Nker [ple. i 1I(E") N ker,,
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where M9 ig the restriction of 1, in the commutative diagram. This implies the dimension relation

dimz/pz E/pg = dimz/pz Slp (5) + dimz/pz S{Z} ((9,) + dimz/pz l[)(ker [p]g)
— dimg,pz ker P — dimg,,z I(E) N ker[p]e, — dimy,,z coker ypind, €))

We will use this relation in section 4 to calculate the sum of the rank of an elliptic curve and the dimension of
the subgroup of the Tate-Shafarevich group in the kernel of the map induced by multiplication by 2.

AN EXACT SEQUENCE. Now we add the assumptions mentioned at the beginning of this section. In this case,

kery = Z/27 over Q as mentioned earlier, so it is isomorphic as such over Q. Since ker is a trivial G-module,

we find that H 1 (ker ) = Q*/(Q*)? by using Hilbert's Theorem 90 with the long exact sequence in cohomology

(G D)
associated to 0 — Z/27 —> Q* — Q* — 0. In particular, this connecting isomorphism sends an element a €
gvay . . L . .. .

Q*/(Q*)? to the cocycle g - l(ﬁ) for ¢ the inclusion from Z* to € sending —1 to p. Define the subgroup
X X\2 .

Gp. € Q*/(Q™)" by

Gp, ={a € Q*/(@)?|v,(a) € 2Zforall p & P}.

If the cocycle corresponding to a is in H*(ker, Pe), then gva = +/a for all g € I, and for every p € Pg. For
each prime p € P we may consider an element g,, € lim Gal(K/Q) = Gal(Q/Q) for each p € Pg which lies
K

above the automorphism \/5 - —\/5 of Q(\/E) / Q and the trivial automorphism of Q(\/E) / Q for all primes
q # p; this element lies in [,. 1f v, (a) € 2Z then a has nontrivial image under this automorphism, and the
cocycle in correspondence with a is ramified at p. Thus H*(kery, P:) € Gp o5 1t can be seen for similar reasons
that the containment is in fact an equality. From equations (2) and (3), we obtain the exact sequence

0 — E'/HE — Gp, ~5 kerp, € WC(E).

From the description above, we see that the map 7y sends a point in Gp, to the class of the corresponding

homogeneous space in WC(E). This yields that

dimg/5y E'NE = dimg/,z Gp, — dimg /7 im i

and

dimz/zz (9/28 = dimz/zz g?g + dimz/zz gjngl - dimz/zz im j’lp - dimz/zz im j’l’[)
+ dimg 5z Y (ker [2]¢) — dimg /7 ker P. €

THE EQUATIONS DEFINING THE TORSOR CORRESPONDING TO AN ELEMENT OF THE SELMER GROUP. Since
an E-torsor corresponds to a non-trivial class in WC(E) if and only if it has no rational points, we may use the
above identifications to write S¥(€) = {a € Gp|C, has a Qp-point Vp € P} for C, the E-torsor corresponding to
the cocycle in H 1 (ker ) associated to a. For a specific elliptic curve £, described below is a possible method to
compute the equation of the E-torsor C,. Consider the morphism ¢ on € defined by addition by p, this morphism
can be given by two regular functions, h; (x, v) and b, (x, y). Since (p) = Z/2Z, this morphism defines an action
of Gal(Q(\/E) / Q) = 7./27 on the set of morphisms € = € by g - (¥1,15) = ¢(rq,1,), for g the nontrivial
automorphism; we extend this action to € [Q(\/E)] by combining the previous action with the normal action on
Q(\/E) Next, we suppose that there are two independent regular functions Z; and Z; on € such that the
corresponding regular functions z; := Z17/a and z, = Z,v/a are invariant. Then we can consider a curve éa in
]P)ég( Va) which is the projective closure of the affine curve defined by an equation relating these invariant regular

functions. Define the morphism gg(x, y) = (21 (x,y),z,(x, y)), then we can consider the point p, = gE(p) €
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<

é - We now add the assumption that @ is an isomorphism, so that we can define the &-module action on € . by
g+Q= (ﬁ((ﬁ_l(q) + Q) forany q € éa and Q € €. To show that éa = C,, we must show that the cocycle g -
gva

gPo — Po is cohomologous to the cocycle g = ¢ (W) (in fact, for this choice of pg, the cocycles are exactly equal).

The case for the trivial automorphism is obvious. Now, if we set g as the nontrivial automorphism, gpy =
g (\/Eil (»),Vaz, (p)) = (—\/Eil (»), —Vaz, (p)) = (\/EZ] (0),+az, (0)), and the first cocycle has g+
(;b?_l(gpo) - (f)_l(po) = 0 — p = p which agrees with the second cocycle. Thus, if the two assumptions are
satisfied, this method yields an equation defining the corresponding E-torsor.

3. The Cassels bilinear pairing

In this section we describe the bilinear pairing on the Tate-Shafarevich group considered by Cassels [21.

It is a conjecture of Tate and Shafarevich that III(E) is finite for all elliptic curves &; this has been shown for
some rank 1 curves (see [3]1). One possible step toward this conjecture is presented in [41, which discusses an
analogy between elliptic curves and number fields; in particular it relates the group € with the unit group of the
number ficld K, and the Tate-Shafarevich group with the ideal class group CI(K), which has been proven to be
finite. If this conjecture holds, then the Cassels pairing will show that the order of II(E) is a square; as a
consequence, using the methods discussed in section 4, all the curves y? = x3 + px for all p = 3,5,13, or
15 (mod 16) will have rank 1.

First, we state the result that H2(1/Q*) = Q/Z for reference later in this section, for I the group of idéles (or
ignoring the topological structure, the invertible adeles A*) on Q. We also use the notation d to refer to the map
from the group of points on a curve to the divisor class group, and § to refer to the coboundary map. To define
the pairing (e, *), we consider two classes [C] and [x] in LI(E), considering C as an E-torsor and y as a cocycle.
We refer to C as the curve over Q and C as the curve over Q. The choice of the E-torsor we consider corresponding
to [C] does not matter as these are birational over Q, and the only dependence on this choice relates to points on
C. We use the cocycle condition in terms of divisors to see that b()((gl) +g.x(a7tey) — )((gz)) is a trivial
element of CI°C, and hence is the principal divisor corresponding to some regular function f(gq,g,) on € (this
choice is unique up to scaling), or equivalently, C, here assuming that like y, f is also continuous. By the
definition of the Tate-Shafarevich group, for all p there must exist points x, on the curves C,, over Q,, — these
can be chosen in the domain on which f(gq,g,) is defined — so that we can define an idéle whose entry
corresponding to p is f(g4, g2) (xp), and hence a cochain on 1/Q*. But the coboundary of the divisor of f is zero
since it itself is a coboundary, thus the coboundary of f as a cocycle over Q(x) must have its corresponding divisor
to be zero, so that it is over Q, and the coboundary of the cochain (f(gl, 82) (xp)) does not depend on the values

p

of xp, and further all of its components are the same, so it is trivial in the ideal class group. This implies that
the cochain is actually is cocycle, we denote its class by [t]. Note that in the above derivation, the lemma in [2],
Section 2, implies that we may choose the points x;, appropriately such that the cocycle does in fact lie in L.

To see that the Cassels pairing ([C], [x]) = [t] is well-defined, we must check that the class of this cocycle does
not depend on the choice of the points x,, (for the proof, see [21) and the choice of representatives for [x]. Suppose
that y; and y, are two representative cocycles for the class [y]. Since the divisor of f/g is the difference of the
divisors of f and g, working through the steps above, we see that {[C], x1) — ([C], x2) = ([C], x1 — x2) (We have
not yet shown independence of the class representative, so we drop the brackets in the notation). Thus, to show
independence on [y], it suffices to show that for any coboundary y, the corresponding t is also a coboundary. In
a similar fashion to what is done above, we can choose some y, € C such that d(x(g1) — g1 Xo + Xo) is a trivial
element of CI°C, and is the principal divisor associated to some regular function F. Then f(g;,q;) =

F F(g;?!
c(g1,82) ((QI)?TSIQZ)). Plugging in the points x;, € Cp, we find that t must be a coboundary. It can be checked

as in [2] that this pairing is bilinear, and is nondegenerate on the quotient of the Tate-Shafarevich group by the
subgroup of all infinitely divisible elements.
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4. The elliptic curves y? = x3 + bx

In this section we explain the methods in [ 11, Chapter X which bound the rank of the elliptic curve € defined by
y? = x3 + bx for all b, and mention, in particular, the example where b is prime.

A TWO-ISOGENY. We describe a 2-isogeny defined on a certain class of elliptic curves, so that we can use the
bounding estimates described earlier, following the method in (111, Chapter X.6). Suppose that € is an elliptic
curve over Q with a rational point of order 2. We can translate € in the affine plane so that the point of order
twois at (0,0), then we may give a Weierstrass equation for € as y? = x3 + ax? + bx. We then define an isogeny
on € by

2 2 —b
o= (£ -220)

This isogeny sends & to the elliptic curve £’ defined by the equation y? = x3 — 2ax? + (a? — 4b)x. It follows
that kery = {(0,0),0} = Z/2Z. The duplication formula over € is

xz—bz(xz—b)(y4+4bx4)
st ([£) a0

hence the corresponding dual isogeny is given by

2 2 2
- _(y® y(a®—4b—x)
l;b(x;:)/) - <4x2 ) 8x2 1]
with kery) = {(0,0),0} = Z/27.

A BOUND ON THE RANK OF SOME ELLIPTIC CURVES. We now restrict to the case where a = 0 and b is an
integer. To apply the relation on dimg /7 €/2E mentioned in section 1, we must determine p(ker [2]¢). Note
that kery < kery o i = ker [2], hence

dimg/,7 P (ker [2]¢) = dimg .z ker [2]¢ — dimy /7 kery ;
= dimg/,z ker [2]¢ — 1, ()

The group Gp, consists of all products of the prime numbers p | 2b and —1 since the discriminant of € is 4h2,
This then implies that dimg/,7 Gp, = dimg/,y gpg, = p(2b) + 1. (Note that for the considerations in the rest

of this section, Pe = Pg¢r, so we will drop the subscript, € or £.) Then equation (5) implies that
rk € = dimz/zz 8/28 — ker [2]5
=2p(2b) +1 - (dimz/zz im 7y, + dimg/,z im ;f@) — ker
= 2p(2b) — (dimg,yz im 7y, + dimgz im 7). )

Now we use the method described earlier to compute the E-torsor C, associated to a given a € Q*/(Q*)2. Since
p = (0,0), the addition-by-p map is given by

b by
P+ =(5-33)

2
. . ~ X ~ xX“—b . . . . o ep .
Then the functions Z; :=; and Z, == — have the desired transformation properties (that is, if g is the
nontrivial automorphism in Gal(Q(\/ a) / Q), under the group action described in Section 2, gZ; = —Z;). Next,

" . ~ S . _ x2+b x2-b
we find the relation between the z; := Z;\/a for i = 1 and 2. We have that z; 2 = — and z, = — va, hence
a.
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2 2 —
:—b zit — i—g] = 1. For any solution (zy,, Z,,) to this equation, we may define x € Q such that az;;2 = x + b/x,
we can then verify that Vaz,, = +(x — b/x), note that if a=%/2z,, = —(x — b/x), then we may define X =

b/x so that a=1/2z2, = ¥ — b/%, so we can find a unique point (x,y) € € which maps to (Z14, Z5,). Thus, the

2
curve given by az;* = ?2 + 4b is isomorphic to € (in particular, the inverse of this morphism is given by
3/2
2 -3

a _ 1 a z. . . . . . .
(z1,25) & (E z7% + PN + i)) To simplify the equation for C,, we make the change-of-variable

2
VARS o . . oy s . . . 9
(Z1,Z,) = (21,1—2) — this is valid since it induces an isomorphism over Q — so that in terms of the new
a

coordinates, the curve is given by the equation
Co:4bZ{ + aZZ = a?.

Now the dimension of im 7y, is nonzero if there is some a € Gp for which the class of C, is nontrivial in the
Weil-Chatelet group, that is, C, has no rational points. Similarly, the dimension of im #7 is nonzero if there is
some a € Gp for which the curve given by (8), with 4b replaced by —16b, has no rational points, or equivalently,
the curve given by (8), with 4b replaced by —b, has no rational points.

If b < 0, there are no rational solutions to C, for all negative values of a. If b > 0, then the curve given by (8)
with 4b replaced by —b has no rational solutions for all negative values of @, so in all cases, dimg/,7 im 7y, +
dimgz/,z im 75 = 1. The equality (7) thus implies the bound

rk € < 2p(2b) — 1. )

BOUNDS IN SPECIAL CASES. In this subsection, we consider two cases; the first in which the rank can be directly
calculated, and the second in which we only find the sum of the rank and the Tate-Shafarevich group. The rank
of € can be found by considering its associated set of torsors and looking at which of the equations have rational
solutions. If it is directly possible to deduce this, the rank of € can be determined exactly. Otherwise we must
solve the equations over the p-adic integers for all p € P (using the methods in section 2), and instead determine
the sum of the rank and the dimension of the Tate-Shafarevich group.

As an example, we consider the case b = 4; here it turns out that vk € = 0 (the bound (9) states that rk € < 1).
By the argument above, it suffices to see that dimg/,7 im 7, = 1 and dimg/,z im ip = 1. For any a € Gp, the
corresponding E-torsor for ¥ has the equation wit + aw? = a%. If a = 2, then the equation becomes wy +
2wZ = 4. This equation has solutions over Q if and only if there is a nontrivial solution over Z to k* + 212 =
4m*. This equation has no solutions over Z (and in fact Z,) by a descent argument — any solution (k, [, m) must

. . . k'l m .
have 2 | k, 4 | I, and 2 | m — this reduces any solution (k, [, m) to the smaller solution (E’Z’?)' If a = —1, then

(w1, w,) = (1,0) is asolution. Next consider the E-torsor for 1) associated to some a € Gp, its equation is aZZ =
471t + a2, Our earlier argument shows that for all negative a, this equation has no solutions over Q. If a = 2,
then (Zy,Z,) = (1,2) is a rational solution. Thus, there are no solutions in this case exactly when a is negative,
as desired.

‘We now outline the case where b is an odd prime; the proof is in (I11, Chapter X.6). Here the group Gp =
{a € Q%/(QX)?%: a|2b} and the E-torsor C, associated to any a € Gp is defined by 4bZ} + aZ2 = a%. To
determine the Selmer group of € we use casework on a, we illustrate here the case where a = —2.

The corresponding equation in this case is Zbe - Zzz = 2; since P = {2, b}, we need to determine if it has
solutions in Q, and Q. By quadratic reciprocity, —2 is a quadratic residue modulo b if and only if b = 1 or
3 (mod 8). By Hensel's Lemma, it suffices to find solutions modulo 32 and b (since (2x + 1)* =1 or
17 (mod 32)). When taken modulo b, the equation becomes Z% = —2, so that there is a solution in Q,, if and
onlyif b = 1 or 3 (mod 8). For the Q, case, we determine for which b = 1 or 3 (mod 8) satisfy the congruence
mod 32. We can use casework on b (mod 32) to see that b = 1,3, or 9 (mod 16). Thus —2 € S¥(€) if and
onlyif b = 1,3, 0or 9 (mod 16).

Using this method, if for example b = 1 (mod 8), we can compute the Selmer group of € and € to be
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SY(E) = Gp = {#1,+2,+b}, SY(€') = {1,b}.

Since p = (0,0) is not in the image of 1, dimg /7 E/PE > 0. Butby (3), dimg,,z E/PE < dimg ;7 517’(8') =

1, hence dimg /57 coker Pind < dimg/,z LI(E) N ker P, = dimg,»y S¥ (&) —dimgyy E/PE = 0in(4). Thus,
equations (4) and (6) imply that

rk € + dimyg /7 (E) Nker [2]¢, = 2.

5. Another result

In this section, we note another interesting result in the subject.

Although it is currently not known if the set of ranks of all elliptic curves is bounded, there is a result that shows
that the average rank of elliptic curves is bounded (the proof uses a sieve called the square-free sieve). It states
[51, [6] that the average size of the 2-Selmer group S 21 g 3, the average size of the 5-Selmer group S 5] is 6, and
hence that the average rank of an elliptic curve is less than 1.
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